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Abstract

An age-structured model for the regulation of platelet production is developed, and compared
to both normal and pathological platelet production. We consider the role of thrombopoietin
(TPO) in this process, how TPO a�ects the transition between megakaryocytes of various ploidy
classes, and their individual contributions to platelet production. After estimation of the relevant
parameters of the model from both in vivo and in vitro data, we use the model to numerically
reproduce the normal human response to a bolus injection of TPO. We further show that our

model reproduces the dynamic characteristics of auto immune cyclical thrombocytopenia if the
rate of platelet destruction in the circulation is elevated to more than twice the normal value.
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1 Introduction

Periodic hematological diseases are unusual and fascinating since the numbers of one or more of

the circulating blood cells spontaneously oscillate with periods on the order of days to months

[28]. They are classical examples of dynamical diseases [23, 49]. In some of these diseases, such as

cyclical neutropenia [29, 30, 28, 31, 32] and periodic chronic myelogenous leukemia [22], there is

clear evidence for statistically signi�cant cycling of all of the major blood cell groups with the same

period in a given subject. It is generally thought that these disorders involve a destabilization at the

hematopoietic stem cell (HSC) level leading to an oscillatory e�ux of cells into all di�erentiation

pathways [45, 46, 48]. In other dynamic hematological diseases like periodic auto immune hemolytic

anemia [4, 38, 47, 50, 52] there is only an oscillation in one of the major blood cell types. Cyclical

thrombocytopenia (CT) is a rare blood disease apparently falling into this second category.

Cyclic thrombocytopenia, in which platelet counts oscillate from normal to very low values,

has been observed with periods between 20 and 40 days [1, 2, 5, 10, 12, 14, 15, 16, 17, 21, 24,

44, 59, 64, 67, 69, 71] and reviewed by Cohen and Cooney [15]. Though it has been claimed that

oscillations could be detected in the platelet counts of normal individuals with the same range of

periods [51, 66], this conclusion may not be statistically justi�ed. The consensus seems to be that

many cases of this disorder involve an auto-immune destruction of circulating platelets.

A few authors have formulated models for the regulation of thrombopoiesis [19, 25, 26, 66, 68]

assuming the existence of a negative feedback loop mediated by TPO. B�elair and Mackey [3]

speci�cally considered cyclical thrombocytopenia. They speculated that elevations in the random

destruction rate of platelets could give rise to the characteristic patterns observed in cyclical throm-

bocytopenia. This paper considers this point in detail.

The outline of this paper is as follows. In Section 2 we give a brief summary of the normal phys-

iology of platelet production and regulation, and an overview of the cyclical platelet pathologies.

Section 3 develops an age structured model consistent with the physiology of platelet production

and the available data, and examines the steady state relations that are important for the param-

eter estimation of Section 4. In Section 5 we numerically examine the behavior of the model with

respect to recently published data on plasma TPO levels, and the response in normal individuals to

TPO injection. Section 6 continues with an examination of auto immune cyclical thrombocytope-

nia within the context of the model, and speci�cally as a response to elevated circulating platelet

destruction rates. The paper concludes with a brief discussion in Section 7. An Appendix covers

the numerical techniques that we used to investigate this age structured model.
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2 Normal and Pathological Platelet Production

2.1 Platelet production and control

Platelets mediate the body's clotting response to injury and day to day blood vessel repair, but

the mechanism of platelet formation is complex and not fully understood. Platelets arise from

large megakaryocytes found in the bone marrow, which are derived from hematopoietic stem cells.

Mature megakaryocytes do not proliferate, but the megakaryocyte compartment is maintained by

an approximately constant in
ux of progenitor cells [9]. During the lifetime of the immediate

precursor to the megakaryocyte, the megakaryoblast, mitosis ceases. With the cessation of mitosis,

megakaryocytes begin to undergo nuclear endoreduplication{a process in which DNA replication

occurs but the cytoplasm remains intact and the cell does not divide [41]. The megakaryoblast

nucleus grows and becomes lobulated. DNA replication usually occurs at least three times during

the complete sequence of endoreduplication to yield a mature megakaryocyte of ploidy 16 [41]

capable of platelet production (ploidy refers to the number of chromosomes per cell). Megakaryocyte

ploidy, however, is variable and can be as high as 128 or 256 [20].

The immature megakaryocyte has a large nucleus that occupies most of the cell volume. As the

ploidy increases, the cytoplasmic portion of the polyploid megakaryocyte expands. Parallel with

this expansion comes the development of the smooth, internal demarcation membrane system that

will eventually become the external membrane of each platelet. Once the demarcation membrane is

in place, membrane-bound sections of cytoplasm are pinched o� from the megakaryocyte to produce

platelets [6]. One mature megakaryocyte can give rise to between 1000 and 5000 platelets [6].

The primary cytokine responsible for platelet formation, thrombopoietin (TPO), was shown in

1994 to be the ligand for the c-Mpl receptor [18, 35, 53]. Thrombopoietin stimulates hematopoietic

stem cells to enter the cell cycle from their G0 phase [57]. TPO also stimulates proliferation and

di�erentiation of megakaryocyte precursors [63], decreases precursor apoptosis [8, 7, 55, 57, 56, 72],

promotes megakaryocyte maturation [18, 36], increases megakaryocyte ploidy [41] and stimulates

the release of platelets via the fragmentation of mature megakaryocytes [40]. The e�ects of TPO are

synergistic with those of other cytokines [73]. These e�ects of TPO qualitatively mimic the e�ects

of erythropoietin and granulocyte colony stimulating factor in the erythroid and granulocytic lines

respectively. Whereas it was thought originally that the e�ects of thrombopoietin were limited to

cells of the megakaryocyte lineage, it is now known that in addition TPO plays a role in myelopoiesis

and erythropoiesis and acts on both lineage committed cells and on the hematopoietic stem cells

[58, 60, 70]. TPO is thus both an early and a late acting factor in megakaryocyte di�erentiation

[36].

Human platelet levels normally remain relatively stable [41], but platelet counts vary widely

between species or between individuals within a species. The normal range for human platelet
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levels is 150 - 450 � 109 platelets/L blood with an average of 290 � 109 platelets/L. The body

tightly regulates platelet mass and not platelet number, and TPO plays an important role in this

regulatory process [40].

2.2 Cyclical thrombocytopenia

In cyclical thrombocytopenia, platelet counts oscillate from very low (1� 109 platelets/L blood) to

normal (150 - 450�109/L) or above normal levels (2000�109/L). In addition, patients may exhibit

a variety of clinical symptoms indicative of faulty coagulation. There are two proposed origins of

cyclical thrombocytopenia. One is an auto-immune origin most prevalent in females. The other is

of amegakaryocytic origin, more common in males.

Autoimmune cyclical thrombocytopenia is postulated to be an unusual form of idiopathic (im-

mune) thrombocytopenic purpura (ITP) [6]. Autoimmune cyclical thrombocytopenia is character-

ized by a shortened platelet life span at the time of decreasing platelet counts [6], consistent with

an increase in platelet destruction, and normal to high levels of bone marrow megakaryocytes. In

this type of cyclical thrombocytopenia the platelet oscillations are thought to be due to an elevated

destruction rate of circulating platelets.

The second type of cyclical thrombocytopenia has a di�erent etiology. In the amegakaryocytic

variety platelet oscillations are thought to be due to a cyclical failure in platelet production [5, 15, 16,

21, 34, 44]. This variety is characterized by oscillations in bone marrow megakaryocytes preceding

the platelet oscillations [2, 5, 16, 21]. Platelet life span is generally normal [44] and antibodies

against platelets are not detected [34]. It is possible that the failure of platelet production could

arise at the stem cell level since in at least one case [37] there were parallel cycles of erythrocytes

exactly out of phase with the megakaryocyte cycles. It is thought, however, that in the majority

of patients the cycling is at the megakaryocyte level [16, 34].

Kimura et al. [37] suggest that a cyclical 
uctuation in the level of various cytokines is respon-

sible for the oscillations in platelet counts. This group postulates that the 
uctuation in cytokines

leads to both cyclical platelet production and cyclical platelet destruction and thus both types of CT

are involved simultaneously. It is known that plasma concentrations of c-Mpl ligand are inversely

proportional to circulating platelet numbers [42, 40] just as the circulating levels of granulocyte

colony stimulating factor (G-CSF) are inversely proportional to circulating levels of granulocytes

[43]. It has been suggested for both G-CSF [43] and c-Mpl [40] ligand that their levels are regulated

by the mass of their primary cellular population targets (granulocytes and platelets respectively).

Swinburne and Mackey [62] examined patient data on 29 putative cyclical thrombocytopenia

patients and three normal individuals, and were able to establish the existence of statistically

signi�cant cycling in 15 of the patients and all three of the normal individuals. They noted that

those patients diagnosed as having autoimmune cyclical thrombocytopenia generally had shorter
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periods (range: 13 to 27 days) than those patients classi�ed as amegakaryocytic (range: 27 to

65 days), and that the autoimmune patients generally showed platelet oscillations from normal to

below normal, while the amegakaryocytic patients with the longer periods generally had oscillations

from above normal to below normal. This observation, in conjunction with the results of this paper,

lends support to the hypothesis that autoimmune and amegakaryocytic cyclical thrombocytopenia

have a di�erent dynamic origin.

3 Modeling Thrombopoiesis

The development of the mathematical model for thrombopoiesis follows our earlier age-structured

mathematical models for erythropoiesis [4, 50], bearing in mind that the primary di�erence between

the processes of erythropoiesis and thrombopoiesis is in the development of the precursor cells.

In erythropoiesis, the stem cells undergo rapid proliferation and di�erentiation until they reach

the stage of reticulocytes, where the cells simply mature to become circulating erythrocytes. In

thrombopoiesis, the stem cells proliferate, then become megakaryocytes that no longer proliferate,

but undergo nuclear endoreduplication. As discussed in the previous section, these megakaryocytes

have di�erent ploidy values at maturation and release di�ering quantities of platelets, which must

be considered in the mathematical model.

Ploidy 1, 2, 4 Ploidy 8, 16, 32

µm  (t,    ) m  (t,    )µ1 m  (t,    )

Ploidy 64, 128

µ2

F

0

0

ν F

p(t,    )ν

Platelets

p  (t, 0 )p  (t, 0 )
21

0

µ ( t )

( t )

Platelet sensor
negative feedback

Thrombopoietin

TPO (T)

0
S  ( T )

k  ( T ) k  ( T )0 1

Figure 3.1: A schematic of the age-structured model for thrombopoiesis.

Based on the relative frequencies of megakaryocytes in various ploidy classes (c.f. Table 4.1),

our age-structured model divides the megakaryocyte populations into three classes to simplify the
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calculations. Figure 3.1 provides an overview of the mathematical model. We begin our discussion of

the model with the age-structured classes representing the megakaryocytes. Let mi(t; �); i = 0; 1; 2;

represent the di�erent ploidy classes of megakaryocytes with i = 0 corresponding to ploidy values

of 1, 2, and 4, i = 1 corresponding to ploidy values of 8, 16 and 32, and i = 2 corresponding to

ploidy values of 64, 128, and 256. The time is t, and � represents the age of the megakaryocyte.

We assume that megakaryocytes age with unitary velocity so the boundary conditions at � = 0 for

the three classes of megakaryocytes are:

m0(t; 0) = S0(T ); (3.1)

m1(t; 0) = 0; (3.2)

m2(t; 0) = 0; (3.3)

where all cells recruited from the stem cells enter the �rst ploidy class. Recruitment depends on

the concentration of thrombopoietin, T , and is given by S0(T ). The other ploidy classes can only

receive new cells through nuclear endoreduplication from another ploidy class, which means that

at � = 0 there are no new cells entering these compartments.

The partial di�erential equations describing the development of the megakaryocytes are given

by:

@m0

@t
+
@m0

@�
= �k0(T )m0; (3.4)

@m1

@t
+
@m1

@�
= k0(T )m0 � k1(T )m1; (3.5)

@m2

@t
+
@m2

@�
= k1(T )m1; (3.6)

where ki(T ) is the transfer rate from ploidy class i to ploidy class i + 1. The domain for these

partial di�erential equations is t > 0 and 0 < � < �F .

We assume that all megakaryocytes in ploidy classes larger than four mature to form platelets

at age �F . Thus, the boundary conditions for the maturing megakaryocytes satisfy:

W1m1(t; �F ) = p1(t; 0); (3.7)

W2m2(t; �F ) = p2(t; 0); (3.8)

where Wi is the average number of platelets produced by each megakaryocyte in the ith class.

Since the platelets are indistinguishable with respect to the megakaryocyte class from which they

were derived, we simply examine the total age-structured platelet population. The new platelet

production rate is computed from Equations (3.7){(3.8) and satis�es

p(t; 0) =W1m1(t; �F ) +W2m2(t; �F ): (3.9)
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Under the assumption that the platelet aging velocity is constant and unitary, the partial

di�erential equation governing the age-structured platelet population is given by:

@p

@t
+
@p

@�
= �
p; (3.10)

where 
 is the random loss of platelets used in the normal repair of the tissues, especially the blood

vessels. The domain for (3.10) is t > 0 and 0 < � < �F (t). The end point �F (t) of the domain

is allowed to vary to account for changes in platelet lifespan. We use a constant 
ux boundary

condition (similar to the one derived in Maha�y et al. [50]) given by

(1� _�F )p(t; �F (t)) = Q; (3.11)

where Q is a �xed constant and equal to the total platelet mass removed at time t (c.f. [50] for a

careful derivation of (3.11) and interpretation of Q).

There is a negative feedback mechanism for the control of platelets based on the total number

(P ) of circulating platelets. P is given by

P (t) =

Z �F (t)

0
p(t; �)d�:

This negative feedback control is mediated by the hormone thrombopoietin, T , whose concentration

is assumed to satisfy the ordinary di�erential equation

dT

dt
= f(P )� �T: (3.12)

The function f(P ) represents the production of TPO, which is controlled by the total number of

platelets in the blood, and the last term (��T ) represents the random destruction of TPO. For

computational purposes, we assume that f(P ) has the form

f(P ) =
a

1 +KP r
: (3.13)

3.1 Steady-state Solution

This model is readily solved for steady-state solutions. The stationary solutions (always denoted

by a subscript �) for Equations (3.4){(3.6) with the boundary conditions (3.1){(3.3) are given in

terms of the unknown functions S0(T ), k0(T ), k1(T ) (which are not yet speci�cd, but which will

be determined in Section 4) by:

m0�(�) = S0(T�)e
�k0(T�)�;

m1�(�) =
S0(T�)k0(T�)

k1(T�)� k0(T�)

h
e�k0(T�)� � e�k1(T�)�

i
;

m2�(�) =
S0(T�)

k1(T�)� k0(T�)

h
k0(T�)e

�k1(T�)� � k1(T�)e
�k0(T�)�

+k1(T�)� k0(T�)] :
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The total steady state megakaryocyte count for each megakaryocyte class can be calculated from

Mi(T�) =

Z �F

0
mi� (�) d�; i = 0; 1; 2:

After integration, we have the following:

M0(T�) =
S0(T�)

k0(T�)

h
1� e�k0(T�)�F

i
;

(3.14)

M1(T�) =
S0(T�)

k1(T�)[k1(T�)� k0(T�)]

h
k1(T�)� k0(T�) + k0(T�)e

�k1(T�)�F

�k1(T�)e
�k0(T�)�F

i
; (3.15)

M2(T�) =
S0(T�)

k0(T�)k1(T�)[k1(T�)� k0(T�)]

h
k21(T�)e

�k0(T�)�F � k20(T�)e
�k1(T�)�F

� k20(T�)k1(T�)�F + k0(T�)k
2
1(T�)�F + k20(T�)� k21(T�)

i
: (3.16)

Adding (3.14){(3.16), the total steady state megakaryocyte population is

M(T�) = �FS0(T�):

The steady-state platelet population for the solutions of (3.10) with boundary condition (3.9)

yields

p�(�) = p�(0)e
�
� ; (3.17)

where

p�(0) = W1m1�(�F ) +W2m2�(�F );

=
S0(T�)W

k1(T�)� k0(T�)

h
k0(T�)

�
e�k0(T�)�F � e�k1(T�)�F

�
(3.18)

+ �
�
k0(T�)e

�k1(T�)�F � k1(T�)e
�k0(T�)�F + k1(T�)� k0(T�)

�i
;

in which W1 = W and W2 = �W . Thus � denotes the ratio of the number of platelets produced

per megakaryocyte of class 2 to the number of platelets produced per megakaryocyte of class 1.

The total platelet count in the steady state (P�) is

P� =

Z �F �

0
p� (�) d� =

1� e�
�F �



p� (0) : (3.19)

Finally, in a steady-state, (3.12) gives

T� =
1

�
f(P�) =

1

�

a

1 +KP r
�

: (3.20)
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4 Parameter Estimation

The age-structured model for thrombopoiesis developed in Section 3 contains several unknown

kinetic functions [S0(T ), k0(T ), k1(T ), and f(P )] and parameters [
, W1, W2, �F , and �] that

must be estimated. We also need equilibrium values of T�, P�, and �F� for normal subjects in order

to numerically simulate the mathematical model and compare it with experimental and clinical

data. In this section we determine these functions and parameters from published experimental

and clinical data.

4.1 TPO kinetics

We begin with an analysis of the relationship between the circulating concentration of TPO, T , and

the platelet count, P . Kuter [40] reports experimental values of TPO concentration versus platelet

counts (both expressed relative to their normal steady state levels) for sheep with di�erent degrees

of induced thrombocytopenia. Assuming that Kuter's experimental protocol established a quasi-

steady state, and denoting the quasi-steady state values of T and P by ~T and ~P respectively, then

(3.12) and (3.13) at the normalized steady state values ~T=T� and ~P=P� gives a form appropriate

for �tting the Kuter data:
~T

T�
'

a

�T�

1

1 + (KP r
�
)
�

~P
P�

�r : (4.1)

A nonlinear least squares �t of (4.1) was performed, and Figure 4.1 shows the experimental points

and the best �t found by minimizing the error function with the routine fmins of MatLab. The

values of the parameters a=�, K, and r obtained from this procedure are

a

�
= 32:18T�; K =

31:18

P�
r ; and r = 1:29;

which clearly depend on the equilibrium TPO (T�) and platelet P� values. As shown in Figure 4.1,

the interpolated function f (P ) gives a good �t to the TPO levels for platelet counts between zero

and normal values.

Harker et al. [27] measured the temporal evolution of the platelet count and the TPO concentra-

tion in human healthy volunteers receiving a bolus administration of TPO. The TPO concentration

(T ) and the platelet count (P ) were interpolated at inter-medium times between the experimental

points, using the splines algorithm of MatLab. The result of these interpolations is shown in

Figure 4.2.

The time derivative of T was calculated numerically using a forward Euler method. From these

data and (3.12) it is possible to estimate the TPO production rate function [f (P )] for platelet counts

larger than normal, given that, according to Figure 4.2, the e�ect of the TPO administration is to

augment the platelet count above its normal value. We found by trial and error that a constant
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Figure 4.1: Graph of TPO concentration as a function of platelet count showing the parameters

that best �t the data of Kuter [40].

TPO production rate (independent of the platelet count) agrees with the Harker et al. data when

the platelet level is greater than normal. In this case, (3.12) can be replaced by

dT

dt
= � (T� � T ) :

The left and right sides of this equation are calculated from the interpolation of T and its numer-

ically calculated time derivative. They are plotted in Figure 4.3, normalized by T�. The value

of � was calculated to best �t both curves by minimizing the error function with the algorithm

fmins of MatLab, using only times greater than �ve days after the administration of TPO to avoid

pharmacokinetic e�ects. From this procedure, the TPO production function for platelet counts

exceeding normal is given by

f (P�) = �T� P� < P;

allowing the estimation of the parameter � to be

� ' 0:54 day�1:

The parameter � can also be estimated from other experiments. Vadan-Raj et al. [65] measured

serum thrombopoietin concentrations in humans after intravenous bolus administration of di�er-

ent TPO doses. They observe that plasma TPO concentration temporal decay is bi-exponential
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Figure 4.2: Interpolated curves of the platelet count and TPO concentration experimental points,

measured after a bolus administration of TPO in healthy human volunteers. From Harker et. al.

[27]

re
ecting the presence of two time constants. The rapid early exponential can be attributed to

tissue absorption of TPO, and the second slower exponential is due to the active destruction of

TPO. Only the second exponential is signi�cant to our model. From these data, a TPO mean half

life between 20 to 25 hours is estimated. We took a half life of 24 hours, from which the TPO

destruction rate is � ' 0:69 day�1. This estimation of � and the one from the data of [27] are

similar, and we will use the �rst value since we are comparing our model behaviour with other data

from [27].

Estimates for the equilibrium values T� and P� in normal subjects are available from a variety

of sources. Kuter et al. [39] report a TPO concentration of 0:022 U/ml for the plasma of a

thrombocytopenic sheep with a platelet count of 27% normal. From (3.20) with the parameters

estimated above, the TPO concentration in this case would be 4:75 times the normal value. Solving

(3.20) for the normal equilibrium TPO concentration gives

T� = 0:005U=ml:

From Ho�brand and Petit ([33], p. 300), the equilibrium value for the normal platelet levels in

humans is

P� = 2:5 � 108 =ml:
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into the classes of our model, and a nonlinear least squares �t to the data was performed, again by

minimizing the error function with the routine fmins of MatLab. The resulting parameters are

�0 = 1:13 � 1017 (days�U=ml)�1;

�0 = 2:32 � 1017 (U=ml)�1;

�1 = 0:66 (days �U=ml)�1;

�1 = 2:16 (U=ml)�1:

Note that the very large values of �0 and �0 imply k0(T ) is e�ectively constant and gives k0(T ) '

0:485 days�1. Figure 4.4 shows the computed distributions for our model compared with the

experimental results of Broudy et al. [11].

The experiments reported by Broudy et al. [11] were carried out in vitro. To test the feasibility

of employing the estimations obtained from these data in our model, a comparison with other

experiments carried out in vivo is useful. Harker et al. [27] measured the relative frequencies of

each megakaryocyte ploidy class in human bone marrow. Their results are presented in Table 4.1.

Megakaryocyte ploidy class Relative frequency

2n 0.06

4n 0.07

8n 0.19

16n 0.47

32n 0.2

64n 0.01

128n 0.0

Table 4.1: Relative frequencies of the di�erent ploidy classes in human bone marrow megakary-

ocytes, taken from [27]

By lumping the ploidy classes as depicted in Figure 3.1, it is possible to compare these experimen-

tal results with the megakaryocyte distributions calculated from the estimated functions ki (T ),

Equations (3.14)-(3.16), and the normal steady state TPO concentration T�. This comparison is

shown in Figure 4.5, and there is a qualitative agreement between the experimental megakaryocyte

distributions and those calculated from the model. Therefore we conclude that, although calculated

from in vitro experiments, the estimated functions ki (T ) are reasonably accurate representations

of the in vivo situation.
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Figure 4.4: The ploidy distribution of the model (white bars) and the experimental data (black

bars) of Broudy et al. [11] for di�erent concentrations of TPO.
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Pennington et al. [54] measured nuclear and cell volumes in rat megakaryocytes of ploidy classes

8n, 16n, and 32n. The average nuclear and cell volumes were calculated for each cluster, and are

given in Table 4.2.

Megakaryocyte ploidy class Nuclear volume (
) Cell volume (
)

8n 719.0 5568.18

16n 1573.03 10787.82

32n 2853.93 20927.29

Table 4.2: Average nuclear and cell volumes of megakaryocytes in the clusters identi�ed by Pen-

nington et al. [54]

The average cell volume and the average nuclear volume are linearly correlated. However, the

average nuclear volumes roughly double between consecutive ploidy classes implying that the cell

and cytoplasmic volumes must also double between consecutive ploidy classes. Platelets come from

vesicles formed in the cell cytoplasm. It seems reasonable to assume that the number of platelets

released per megakaryocyte is proportional to its cytoplasm volume. From this and the above

considerations, megakaryocytes of a given ploidy class should produce twice as many platelets as

megakaryocytes of the preceding ploidy class. Therefore, the average number of platelets produced

per megakaryocytes of our classes 1 and 2 can be calculated as

W1 =
N (p8 + 2p16 + 4p32)

(p8 + p16 + p32)
and W2 =

N (8p64 + 16p128)

(p64 + p128)
;

respectively where N is the average number of platelets produced per megakaryocyte of 8n ploidy

class, and pi (i = 2; 4; 8; 16; 32; 128; 256) is the relative frequency of each ploidy class under normal

conditions (see Table 4.1). The parameter �, the ratio of the number of platelets produced per

megakaryocytes of class 2 to the number of platelets produced by megakaryocytes of class 1, is thus

estimated as

� =W2=W1 ' 4:2:

Assume that the megakaryocyte production function (S0 (T )) depends linearly on the TPO

concentration (T ). i.e. S0 (T ) = S0
0T . Then from (3.18) and (3.19)




1�e�
�F �
=

S0
0
T�W

k1(T�)�k0(T�)

h
k0(T�)

�
e�k0(T�)�F � e�k1(T�)�F

�
+ �

�
k0(T�)e

�k1(T�)�F � k1(T�)e
�k0(T�)�F + k1(T�)� k0(T�)

�i
:

From this, we can estimate the product S0
0W , since all other parameters are known (the pa-

rameter 
 is estimated in the following subsection). After solving for S0
0W and performing the

calculations we get

S0

0W ' 0:87 day�1
�
p�

T�
' 9:35 � 109 day�1

� (U=ml)�1
� (cells=ml):
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S0
0 is the rate of production of new megakaryocytes per unit volume, per unit TPO concentration.

Since megakaryocytes are not circulating cells, but reside in the bone marrow, the concentration of

megakaryocytes is di�erent from that of platelets. We therefore introduce a new volume unit V for

the megakaryocyte concentration by requiring that S0
0 = 1 (cells=V) � (U=ml)�1

� day�1 . With

this:

W = 9:35 � 109 cells�V�ml�1:

Then we have

W1 =W = 9:35 � 109 cells�V�ml�1;

and

W2 = �W = 3:93 � 1010 cells�V�ml�1:

These values of W1 and W2 can be viewed as the average number of platelets produced per

megakaryocyte of classes 1 and 2, respectively, times the factor that stands for the di�erence

of concentration levels between the bone marrow and the blood stream.

4.3 Platelet kinetics

Circulating platelet kinetics are usually investigated using radioactive labeling. If it is assumed

that only the circulating platelets are labeled, that they are in a steady state, and that there is

no input of new labeled platelets, then our model predicts that the fraction of labeled platelets

surviving in the blood at a time t after labeling is given by

�(t) = e�
t
1

1� e�
�F �

�
e�
�F �

1� e�
�F �

: (4.2)

Harker et al. [27] measured the fraction of 111In labeled platelets at di�erent times after being

administrated to human volunteers. We �tted the theoretical survival curve given by (4.2) to these

experimental points. For this, the error curve was again minimized using the algorithm fmins of

MatLab. The experimental data and the best �t curve are shown in Figure 4.6, corresponding to

the parameters �F � and 
 given by

�F � ' 9:5 days;

and


 ' 0:15 day�1:

The parameter Q can be calculated from (3.11), which in the steady state implies that Q =

p�(�F �), and from (3.17) and (3.19):

Q = p�(0)e
�
�F � =

e�
�F �

1� e�
�F �


P� = 0:0475 day�1P� ' 1:19 � 107 cells� day�1
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Figure 4.6: Fraction of surviving 111In labeled platelets as a function of time. The experimental

data from Harker et al. [27] and the best �tting curve predicted from the model are shown.

5 Platelet Responses in Normal Humans

Harker et al. [27] report experimental results concerning the dynamical e�ects of TPO stimulation

on megakaryocytopoiesis, platelet production, and platelet viability in healthy humans. In those

experiments, a single subcutaneous bolus injection of recombinant TPO (3�g=kg) was adminis-

trated and the TPO concentration and the platelet count were measured daily for 28 days after the

injection.

These experiments are simulated by solving the model system of equations as described in

Appendix A and modifying the equation that determines the dynamics of the TPO concentration

to
dT

dt
= f(P )� �T + I(t):

The function I(t) accounts for the e�ects of the bolus injection on the concentration of TPO. We

assume it has the form

I(t) =

(
AI 0 � t � �I

0 otherwise

This means that a constant amount of TPO, determined by AI , is assumed to enter the blood stream

during a time �I after the injection. Good agreement between the model and the experimental
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results is obtained with

AI ' 1:9 day�1
� T�

and

�I ' 3:2 days:

The values of all the other parameters are those estimated in Section 4. The initial conditions are

those corresponding to the steady state.

The experimental results and the model simulations are shown in Figure 5.7. The simulation

reproduces the experimental results quite well. The parameter AI determines the height of the peak

in the TPO vs. time curve, while the parameter �I determines its position along the time axis.

The shape of the peak and the decay rate after reaching its maximum, which are in good agreement

with experiment, are properties determined by the model and the parameters. For the plot of the

platelet count vs. time, the simulated response is completely determined by the modi�ed model as

described above. Although the model predicts platelet counts smaller than those measured between

5 and 10 days after the TPO injection, there is still good agreement between theory and experiment

with respect to the amplitude of the response, the position of the maximum point, and the decay

to the steady state.

6 Cyclical Thrombocytopenia

In Section 2.2 we discussed autoimmune and amegakaryocytic cyclical thrombocytopenia [6]. Au-

toimmune cyclical thrombocytopenia is characterized by a shortened platelet life span at the time

of decreasing platelet counts [6], consistent with an increase in platelet destruction, and normal to

high levels of bone marrow megakaryocytes. In this type of cyclical thrombocytopenia the platelet

oscillations are thought to be due to an elevated destruction rate of circulating platelets.

This can be simulated in the model by increasing the platelet destruction rate 
. We ran

several numerical experiments with di�erent values of 
, keeping all other parameters at the values

estimated in Section 4. In all cases, the initial conditions were those of the normal steady state.

The results show that for values of 
 ranging from normal (
 ' 0:15 day�1) up to 
 ' 0:34 day�1,

the system reaches a stable steady state, characterized by a platelet count and platelet lifespan

decreased from the corresponding normal values, while the TPO level and the total megakaryocyte

count have values larger than normal. A typical example can be seen in Figure 6.8, where the

time evolution of the TPO level, the platelet count, the total megakaryocyte count and the platelet

lifespan are shown for 
 ' 0:23 day�1.

For platelet death rates ranging from 
 ' 0:34 day�1 to 
 ' 1:65 day�1, the steady state

number of platelets in the model is apparently unstable. The system displays sustained oscillations

at the same frequency in all the variables, although their phase is di�erent. The period of these
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of autoimmune induced cyclical thrombocytopenia.
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A Numerical Methods

The platelet model described in Section 3 is a system of partial di�erential equations that is solved

numerically following the techniques of Sulsky [61] by integrating along the characteristics. Since

the aging velocities V (T ) and W are both assumed to be constant and equal to unity, the age

structured populations move in constant steps with time, so the characteristic curves are straight

lines with unitary slope. This permits the following discretization of the model's variables:

Ti = T (ti) ; m
(n)
ij = mn (ti; �j) ; n = 0; 1; 2; and pik = p (ti; �k) ;

with t = t0 + ih, h being a step size in time and, �j and �k appropriate age-structure grids. The

index j in �j moves between 0 and M� = �F=h. The lower limit for the index k in �k is also 0, but

its upper limit is not �xed and is given by M� (i) = �F (ti) =h. In general, �j = jh and �k = kh,

except for the last point in the second case, which depends on the boundary condition given by

Equation (3.11).

In all the numerical experiments presented, the variables are initiated with their corresponding

normal steady-state values. The numerical routine begins by integrating Equation (3.12) using the

improved Euler's method to �nd the new TPO concentration Ti. The method of characteristics

is used for subsequent calculations of the megakaryocyte and mature platelets calculations. The

megakaryocyte populations are written as

m
(0)
ij = m

(0)
i�1 j�1 � hk01(Ti)m

(0)
i�1 j�1;
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m
(1)
ij = m

(1)
i�1 j�1 + hk01(Ti)m

(0)
i�1 j�1 � hk12(T )m

(1i)
i�1 j�1;

and

m
(2)
ij = m

(2)
i�1 j�1 + hk12(Ti)m

(1)
i�1 j�1;

for all values of j except j = 0 where the boundary conditions given by Equations (3.2)-(3.3) are

employed: m
(0)
i0 = S0

0Ti, m
(1)
i0 = 0, and m

(2)
i0 = 0.

The platelet population obeys

pij = pi�1 j�1e

h;

for all j's, except j = 0, where the boundary condition (3.9) is used. The age of the oldest platelets

is determined by destroying a constant number Q of platelets, with the program �nding how many

mature classes remain, including any fractional remainder. Linear interpolation is used to �nd the

new �F (ti).

Finally, the total platelet count is calculated by integrating the platelet distribution population,

using the trapezoid rule. With this new platelet count, a new TPO concentration can be calculated.

This completes a time step in the simulation and allows the computation of all the variables by

iterating the loop.

The convergence of the algorithm was tested empirically by varying the time step h. We found

that h = 0:01 days represents a good compromise between speed and accuracy.
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